A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Exjionentral Rates of Ghranue

Worksheet A

Useyour calculator to completethe y = €* row in the table below, giving valuesto 1 d.p.

X -2 -1 0 1 2
y=¢e
Gradient

Check that your values agree approximately with points that lie on the curve shown below.

Graph of y = ¢*
y

~

——

——

[ Draw tangents to the curve at
the points given in the table.

i

i Find the gradient of each
tangent and write the value,
correct to 1d.p, inthe table.

Comparethe valuesin the last
two rows of the table.

/ Do you notice anything?
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Exjtonential Rates of Chanye

Worksheet A

Use your calculator to completethe y = 2* row in the table below, giving valuesto 1 d.p.

X -2 -1 0 1 2
2X
y=-¢€

Gradient

Check that your values give points that lie on the curve shown below.

Graph of Yy =e?

y
66

~—

Draw tangentsto the curve at
the points given in the table.

—~—

Find the gradient of each
30 tangent and write the value,
correct to 1d.p, inthe table.

—

| Comparethe valuesin the last
two rows of the table.

1 Do you notice anything?
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Exjtonential Rates of Chanye

Worksheet A

Use your calculator to completethe y = € * row in the table below, giving valuesto 1 d.p.

X -2 -1 0 1 2
y==2
Gradient

Check that your values agree approximately with points that lie on the curve shown below.

Graph ofy =e”™

y

—

~N

1

=

Draw tangentsto the curve at
the points given in the table.

o~

i

Find the gradient of each
tangent and write the value,
correct to 1d.p, inthe table.

==

Comparethe vauesin the last
3 two rows of the table.

Do you notice anything?

B
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Exjionential Rates of Chanue

Worksheet A

Use your calculator to completethe y = €°* row in the table below, giving valuesto 1 d.p.

X -2 -1 0 1 2

05x
y=¢

Gradient

Check that your values agree approximately with points that lie on the curve shown below.

Graph of y = %
y

~

7 Draw tangentsto the curve at
the points given in the table.

o

7 Find the gradient of each
tangent and write the value,
pa correct to 1d.p, inthe table.

N\

= Comparethe valuesin the last
= two rows of thetable.

= Do you notice anything?
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Exponential Rates of Change

Worksheet B

Gradients

Finding the gradient of curves by drawing tangents by hand is not avery Q,
accurate method. Better results can be achieved by calculation.

The sketch shows apoint P on acurve. Supposethat Q, isasecond point
on the curve near to P. The co-ordinates of P and Q, can be used to find
the gradient of the chord PQ, Q2

Other points Q, and Q; that lie on the curve even nearer Qs
to P are also shown on the sketch. Note that the nearer

the point Q isto P, the nearer the gradient of PQ isto P

the gradient of the tangent at P.

In general, the gradient at apoint P where x = a, onthe curve y = f (x) isgiven by:

f(a+h)-f(a)

gradient » where hisasmall increment

(In terms of the sketch h represents the difference in the x co-ordinatesat Pand Q and f(a + h) - f(a) the
differencein they co-ordinates of P and Q.)

The gradient function of y=¢&

A spreadsheet can be used to perform the cal cul ations needed to estimate the gradient at a number of points
onacurve.

The spreadsheet below gives formulae that can be used to estimate gradients on the curvey = €.
The formulae in column A work out x co-ordinates for the curve at intervals of 0.1 starting with x =—2

The formulaein column B work out the corresponding y co-ordinates.
The formulae in column C estimate the gradient of the curve at each point using an increment of 0.01.

X Eeiaol Excel - Exporachal Haler st Chengs
15 Gl s el Fged ek Duih ke e
Tirats P b v - B F 0 EENTE
u:;ujit-;_:f IhBRT o- QR AN eSS - - B
w S
| A . B | &

1 x fix) =& CGradient

-2 =EXP(AT) =(EXPLAZH001 -EXPIAZIND01

3 |=A2+0.1 =EXP(A}) =(EXP(A3+0.01)-EXPIAI 001

& =A%), 1 =EXP(Ad) = EXP{A40.01-EXPA4 0,01

§ |=Ad+0.1 EXP(A%) (EXP(ASH0.01-EXP(AS 0,01

Copy these formulae onto a spreadsheet, using ‘fill down’ to extend the resultsto x = 2.

Compare the values found in columns B and C. What do you notice?
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Exponential Rates of Cliange

Worksheet B

Thegradient function of y= €~

The spreadsheet below shows formulae that can be used to estimate gradients on the curvey = €.

., Mirinied® | kel - § apaneshal Flalse ol Chenon
[[EYEN B Mew dert Fomer Tosk Doty indcs b
Tirran Hare Born 0 s Byl EEIEBPX
Dﬁﬂjﬁms IRAT - - AR I AN BES o D]
(=7 -
A | B C

1 |x fix)=e™ Gradient

2 -2 =EXP(2*A2)  =(EXP(2%A2+0.01))-EXP(2*A2))/0.01

4 =AZ+HD] =EXF(2®A3) =HEXFP(2®AI+0.01)-EXP(2¥A3))/0.0]

4 =A3+0.1 =EXFi2%A4)  =(EXPI25A4+0.011-EXPIZ*A410/0.01

5 =A4+0.1 =EXP(2*A5)  =EXP(2%A5+0.01))-EXP(2*A5)10.0]

Copy these formul ae onto another worksheet and use ‘fill down’ to extend theresultsto x = 2.
Compare the values found in columns B and C. What do you notice thistime?

Use the spreadsheet to draw graphs of y = e and its gradient function on the same axes.
Compare the curves and write down what you notice.

Gradient functions of other exponential functions.
Make a copy of the worksheet you used for y = €.

Find values for y = € and its gradient function by replacing ‘2 in cellsB1, B2 and C2 by ‘0.5’ (leaving
A2 unchanged). Use'fill down’ to change the other cellsin columns B and C and extend the tableto x = 2.

Again compare the valuesin columns B and C and draw graphs of y = €>* and its gradient function on the
same axes. Write down what you notice.

Repeat this processfor y= e * and other exponentia functions of the formy = € wherek is any constant
Can you say anything in general about the gradient function of y = €* ?

Investigate the gradient functions of functions of theformy=ae*,y=¢€*"¢ andy=ad** ¢ wherea, k
and c are constants.
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A Resourcefor Free-standing Mathematics Qualifications Exponentia Rates of Change

Teacher Notes

Unit  Advanced Level, Modelling with calculus

Skillsused in this activity:
finding gradients by drawing tangents
finding gradients in Excel using a small increment.

Preparation
Students need to know how to find the gradient of a curve by drawing atangent and how to enter
spreadsheet formulae and use ‘fill-down’ in Excel. They will each need a copy of one of the Worksheet A

pages (P1 — 3) and a copy of both of the Worksheet B pages (P5 — 6).

Notes on Activity
This activity can be used to introduce the differentiation of exponential functions. It isrecommended that

you divide studentsinto groups, each finding gradients for just one of the graphs and then pool the results.
The second part of the activity requires accessto Excel. Students are given spreadsheet formulae that can
be used to estimate gradients at points on the curvesy = € and y = € using asmall increment. They are
asked to investigate the gradient functions of these and other exponential functions, using the numerical
values given by the spreadsheet and graphs drawn from them.

Answers
X 2 1 0 1 2
y=e 0.1 0.4 1.0 2.7 7.4 Gradient = &
Gradient 0.1 0.4 1.0 27 74
X 2 1 0 1 2
y=e> 0.0 0.1 1.0 7.4 546 Gradient = 26*
Gradient 0.0 0.3 2.0 14.8 109.2
X 2 -1 0 1 2
y=¢e" 7.4 27 1.0 0.4 0.1 Gradient = —e
Gradient | -7.4 2.7 -1.0 _0.4 .0.1
X 2 1 0 1 2
y =e>> 0.4 0.6 1.0 16 27 Gradient = 0.56>>
Gradient 0.2 0.3 0.5 0.8 14

The following pages give some of the graphs students are asked to draw.
These could be copied onto OHTs for use in class discussion.

Theresults that can be found from this activity are listed below:

d X X d 2 X X d 05x 05x d - X - X
— = — = 2 — = 0. — = -
= (e)=e = (€2%) = 2e = (€°5%) = 0.5e = €*)=-e
i(e"x): ke i(ae“x): kae™ i(e"X*C): ke e i(ae““): kag**®
dx dx dx dx
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Graph of y = e? and its gradient function

y
100 :
90
: —y =EXP(2x)
: S R Gradient
3
"X
) -1 0 1 2
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Graphofy = e®* and its gradient function

y
3
,/
/
)4
»
2
/
¥ —y =EXP(0.5%)
P P GI‘ a.d| ent
2 1 0 1 2 x
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A Resourcefor Free-standing Mathematics Qudiifications Exponentia Rates of Change

Graph of y =e ™ and itsgradient function

y
\
\
\
\
. %4
\
N f(x) = EXP(-x)
E T L Gradient
) )
_ N. — ol N 2 X
. r
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